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Abstract 

In the Schrodinger equation, time plays a special role as an ex- 
ternal parameter. We show that in an enlarged system where the 
time variable denotes an additional degree of freedom, solutions of 
the Schrodinger equation give rise to weights on the enlarged algebra 
of observables. States in the associated GNS representation corre- 
spond to states on the original algebra composed with a completely 
positive unit preserving map. Application of this map to the functions 
of the time operator on the large system delivers the positive operator 
valued maps which were previously proposed by two of us as time ob- 
servables. As an example we discuss the application of this formalism 
to the Wheeler-DeWitt theory of a scalar field on a Robertson- Walker 
spacetime. 

1 Introduction 

The main conceptual problem in quantum gravity is that spacetime which 
serves as a mean for parametrizing quantum fields must itself be treated 



in terms of observables in the sense of quantum physics. A plausible first 
attempt is to replace spacetime by a noncommutative space. One then has 
to guess the structure of this space and to understand the way physics can 
be described on a noncommutative background. 

In spite of the big effort which was put into this program, the results 
which have been obtained so far are, in our opinion, not really satisfactory. 
On the conceptual level, there is a large arbitrariness in the choice of the 
noncommutative structure; only uncertainty relations have been predicted 
with some plausibility [1]. Even more, the whole idea of putting physics on a 
fixed background seems to exclude dynamical effects of quantum gravity. On 
the practical level it turned out to be extremely difficult to put interacting 
theories on a noncommutative background. The best results which are avail- 
able seem to be the results of Grosse and Wulkenhaar [2]. But the model 
they construct is very far from relativistic quantum physics and even more 
from quantum gravity. 

One of the most popular approaches to quantum gravity is the Ashtekar 
program, in which one tries to quantize gravity directly. Most successful 
in this approach is the version of loop quantum gravity where, however, the 
emergence of a classical spacetime in an appropriate limit remains a challenge. 
Recent progress was obtained by the introduction of so-called relational ob- 
servables [3, 4, 5]. The basic idea is that the unphysical parameter spacetime 
is eliminated from the description by expressing fields as functions of other 
fields. In classical physics this amounts to an application of the theorem on 
implicit functions, and, up to possible zeros of the corresponding Jacobian, 
the program seems to work. In the quantum case, however, the program 
leads to difficult questions. 

In a simplified situation the problem has been studied by Ashtekar, Paw- 
lowski, and Singh for Robertson- Walker spacetimes, where the scale param- 
eter and a spatially constant scalar field are the degrees of freedom [6]. The 
associated field equation can be understood as a Schrodinger equation with 
energy zero. The program then is to reinterpret the solution as a time depen- 
dent Schrodinger equation where the scalar field plays the role of the time 
parameter. 

In this article we want to discuss a similar problem in standard quantum 
mechanics. We will apply this program to the problem of defining time as 
an observable, and we will compare the result with the construction of time 
observables two of us did before [7]. Finally, a novel analysis of the scalar 
field on a Robert son- Walker spacetime is given which uses the techniques 
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developed in this paper. 



2 Schrodinger solutions as weight on the al- 
gebra of observables 

Let us look at the Schrodinger equation 

ij t m = H ip(t) , (i) 

where Hq is a selfadjoint operator on a Hilbert space "Hq and ip is a continu- 
ously differentiable function on R with values in the domain of Hq. 
It is tempting to write the Schrodinger equation in the form 



m = o , (2) 

where 

H ■= 

i dt 



H:=~ + H , (3) 



is a selfadjoint operator on 

K:= L 2 (R,3{ ) . (4) 

The difficulty with this (well known) idea is that the spectrum of H is contin- 
uous, hence ip (jL !K. Traditionally, one interprets solutions of the eigenvalue 
equation for points in the continuous spectrum as linear functionals on a 
suitable dense domain D C "K. But there is another possibility which has 
to our knowledge in physics first been applied by Buchholz, Porrmann, and 
Stein in their approach to the infrared problem [8, 9]. In this work they in- 
terpret improper states with sharp momentum as weights, i.e. positive linear 
functionals on the algebra of observables which are finite only on a suitable 
subset. The trace on an infinite dimensional Hilbert space is an example, 
(cf. [10] for some mathematical background.) 

Actually, if ^ is a linear functional on D, we can define the associated 
weight on positive operators in the following way. Let A be a bounded 
operator with A"K C D such that ifi o A is a continuous linear functional on 
!K. Examples of such operators are finite sums of rank 1 operators of the 
form \x) (v| with x £ D and tp e !K. Then the adjoint of A acts on ip by 

(A*il>)(<p)=il>(A<p) (5) 
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and A*ip can be identified with an element of IK. The weight can then be 
defined on operators of the form AA* by 

w^AA*) = \\A*^\\ 2 . (6) 

We then extend the definition to the additive cone Cd generated by these 
operators by requiring additivity of the weight. In a last step we set for an 
arbitrary positive operator 

w^(B) = sup w^(A) . (7) 

0<A<B, AeC u 

The weight has no direct interpretation in terms of probability distribu- 
tions since it is not normalizable. It has, however, an interpretation in terms 
of conditional probabilities. Namely, let us consider the GNS representation 
(x^, < K^ ! ) associated to the weight. It is constructed in terms of the left ideal 

= {A e B(JC)\w^A*A) < 00} . (8) 

By the polarization identity we extend the weight to the algebra L^L^. We 
then equip with the positive semidefinite scalar product 

(A,B)=w4A*B) . (9) 

'K^ is the completion of the pre-Hilbert space obtained by dividing out the 
null space of the scalar product. The representation is induced by left 
multiplication. We may interpret the state associated to A e as the 
association of probabilities under the condition that the effect A* A took 
place. Note that the conditional probabilities defined in this way depend not 
only on the effect itself, but also on the way it is written as an absolute square, 
i.e. on the phase of A. Quantum mechanically this may be understood as 
the dependence of the state on the way the event A* A influenced the state. 

We apply this general construction now to the solutions tp of the time 
dependent Schrodinger equation. The left ideal contains in particular the 
operators of multiplication by bounded square integrable functions g of t. 
The corresponding states may be restricted to B(Jio). We find 

^_ jdt\ g (t)\ 2 (m,-m) nm 
W9 * { ' } - jdt\ 9 m\m\\ 2 ' { } 

In the limit when \g(t)\ 2 dt approaches the Dirac measure at the point t , we 
recover the state induced by ip(t ) e 'Kq. Moreover, the time evolution of the 
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large system acts as a translation for g and thus induces the time evolution 
in the small system. We see that the new formalism covers the standard 
formalism of quantum mechanics. It also nicely reproduces the standard 
interpretation of states in the Schrodinger picture saying that ip(to) is the 
state under the condition that the time observable of the enlarged system 
takes the value t . 

There are in general also other elements in the left ideal L^. Namely, an 
element A e B(Ji ) being in the left ideal means that the integral 

J dt(4>(0),e m,t A*Ae~ tH » t iP(0)) < oo 

is finite. If the spectrum of H is absolutely continuous, there are many 
operators with this property. The value of the integral may be interpreted 
as the time duration of the event A* A. 

Let ta be the unbounded positive selfadjoint operator whose expectation 
values are given by these integrals. We restrict ourselves to the case when 
ta has trivial kernel. Since ta commutes with the Hamiltonian H , we can 
always reach this situation by replacing 'Kq by the orthogonal complement 
of the kernel of ta- 

The states ujAip on B(!K) and cu^fx^o) on B{"Kq) are related by 

^Ai, = ^v^J^(O) ° $A , (11) 

with the completely positive unit preserving map <3>a : -B(IK) — > B{%q) which 
is given by 

$4(C) = VXCV A (12) 

where the isometry 

Va • 5~Co — > = £ 2 (IR, ) 

is defined by 

(V AX )(t)=Ae- itHo T-*x, xeX . 

Using this positive mapping, one may relate observables of the enlarged 
system to observables of the small system. In particular, one may apply it 
to the time observable. The time parameter t of the Schrodinger equation 
is a selfadjoint multiplication operator T on the enlarged Hilbert space "K = 
L 2 (IR, "Kq). Its spectral projections E T (I), I C R measurable, can be mapped 
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to positive operators $a(-Et(-0), and one obtains the positive operator valued 
measure (POVM) 

/ i-> § a {E t {I)) = t a ^ Jdte iHot A*Ae- lHot T A ^ . (13) 

Since the spectral projections E T (I), I C 1R. commute with A, the POVM 
does not depend on the phase of A. 

The POVM above was first constructed in [7] and there, in agreement 
with the more complete discussion of the present paper, interpreted as the 
time of occurrence of the event A* A. 

The present framework is closely related to the concept of partial and 
complete observables initiated by Rovelli [3] and the theory of constraints. 
The observables of our enlarged Hilbert space are the partial observables 
in the sense of Rovelli. Complete observables are those partial observables 
which are invariant under the automorphism induced by the Hamiltonian H 
of the enlarged system. They are the Dirac observables if H is considered as 
a constraint. As emphasized by Rovelli, the partial observables themselves 
have an observable meaning since relations between them give rise to com- 
plete observables. In the present framework these relations take the form of 
conditional probabilities. 

Contrary to the formalism of Rovelli, the partial observables in our frame- 
work are well defined operators which act on the GNS Hilbert space associ- 
ated to the weight. It is also clear from our construction that one should not 
expect, without additional structure, a unique state on the Dirac observables 
in case of a constraint operator with continuous spectrum, since the left ideal 

will not contain the unit operator. 

Conditional probabilities in quantum physics and their use for an intro- 
duction of time observables have also been discussed by Gambini, Pullin and 
coll. [11]. The importance of the concept of weights for a proper definition in 
the case of constraints with continuous spectrum was apparently overlooked 
because of the emphasis on the discrete case. 

3 Nonrelativistic motion in 1 dimension 

The simplest example on which we can apply our formalism is a nonrelativis- 
tic free particle on a line. Let CK = L 2 (IR), % = L 2 (M 2 ). The Hamiltonian 
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H on "K is 

H = - — — 

2m dx 2 

the Hamiltonian in the enlarged formalism is 

TT Id Id 2 
n = — ~ — 



% dt 2m dx 2 

We ask the question: when is the particle at the point x 7 This question may 
be rephrased in the form: what is the value of time under the condition that 
the particle is at the point X({! According to the discussion in the previous 
section, the probability that the time observable is within the interval / under 
the condition that the position of the particle is within the space interval J 
is 

= amp) (14) 

k 1 ' w t (E x (J)) y ' 

where Et(I) is the spectral projection of the time observable on L 2 (R 2 ), and 
Ex{J) the spectral projection of the space observable on L 2 {R 2 ). 
A solution of the Schrodinger equation is of the form 

tp(t,x) = / dpe~ l ^ t+ipx (p(p) . 



with a square integrable function tp. The numerator in equation (14) is given 
by 

w4E x (J)E T (I)E x (J)) = w^(E x (J)E T (I)) 

= JdtjdxjdpJ dqe^-^-^-^^pjcpiq) , 

(15) 

and for the normalization factor in equation (14) we obtain 

/oo p 
dt I dx\ip(t : ; 
-oo J J 



,x)\ 2 



2 2 

dx I dp I dq27c5( P ~J )e- t{p ~ q)x cp(p)cp(q) 
tojdxj dpffip) (ip{p) + e- 2 ^ V (-p)) (16) 
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This factor is finite if <p is smooth and vanishes at p — 0. Hence for such 
solutions ip of the Schrodinger equation the spectral projections Ex{J) are 
elements of the left ideal L^. Note that for large intervals J it approaches the 
value | J\{\) with the expectation value of the inverse velocity ^, in agreement 
with the classical amount of time the particle spends inside the interval (| J| 
is the length of the interval). 

Let J = [—a/2, a/2], and let = y? + + </?- be the decomposition of (p into 
the even and the odd part. Then the completely positive mapping associated 
to Ex (J) is given by 

MA) = V a *AV a (17) 
where the isometry V a : L 2 (R) — > L 2 (IR 2 ) acts on ^o(x) = J dpe tpx (p(p) by 

= / dpe-^-^Y. («± ^"V&o 

if x G J and V a ipo(t,x) = 0, otherwise. 

In the limit a the POVM's P a (7) = <p a (E T (I)) converge, and the 
POVM Pq which describes the probability that the particle reaches the origin 
has the momentum space integral kernel 

€iLdt^ , pq>0 
, else . 

The first moment of this measure (the associated time operator on J-C ) turns 
out to coincide with Aharanov-Bohm's time operator [12] 

T=~(p- 1 x + xp~ 1 ) (18) 

Note that T is not selfadjoint, but maximally symmetric with deficiency 
indices (2,0). (cf. [13]). 



P (I)(p,q) = 



4 Relativistic motion in 1 dimension 

We may now redo the analysis for a relativistic particle. Its motion is de- 
scribed by a positive frequency solution if) of the Klein Gordon equation. In 
analogy to the previous case we look at the operator J^- — ^ + m 2 on L 2 (R 2 ). 
ip has the form 
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The calculations are completely analogous to the nonrelativistic case. One 
replaces the energy 2— by the relativistic energy ^/p 2 + m 2 and the velocity 
— by the relativistic velocity , p Thus one finds for the POVM P 

m J J 0,2 +m 2 



^Vv^wV^ J/ ' pq 

, else. 

(19) 

The relativistic analogue of Aharonov-Bohm's time operator is 



T = -\ ^^^x + x^ + ^j . (20) 

5 Application to a cosmological model 

The formalism on an enlarged Hilbert space can be applied to the afore 
mentioned analysis of a massless scalar field on a Robertson- Walker spacetime 
carried out by Ashtekar, Pawlowski and Singh [6] (see also [14]). 

The classical phase space of the model is coordinatized by (c,p;0,p^) 
where <fi is the scalar field and p^, its conjugate momentum. The pair (c,p) 
represents the gravitational degree of freedom with p being proportional to 
the square of the scale factor. Hence, p is restricted to non-negative values. 
The non-trivial Poisson brackets are given by 

{c,p} = ^j^- and {0,^} = 1 

where 7 is the Barbero-Immirzi parameter and G the Newton constant. 
Along the classical trajectories is a monotonous function and can therefore 
be used as a "time" parameter. The goal of this section is to use as an 
"emergent time" also in quantum theory. Following [6] the Wheeler-DeWitt 
equation of the model can be written as 

(_ + e )*(^) = o, e:=-_ p-'^Vp^- (21) 

By the unitary transformation V : L 2 (R, du) — > JC , 

W)(p)=pMM (22) 
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the operator 6 gets the standard form 

The dual variable c can be represented by the operator 

87T7 _u d _u 

C — 6 2 6 2 

3i du 

The Wheeler-De Witt equation of the model is equivalent to the Klein Gordon 
equation. We consider solutions of the form 

V>(0, u) = (27T)- 1 J dujdk 5 [u 2 - K 2 (k 2 + e-^t-^tpiu, k) (24) 

with a test function of compact support ip and the abbreviation 

k := ^!6irG/3. 

■ifj induces a weight on B(L 2 (M. 2 )) which is finite on bounded operators A 
with a distributional integral kernel a with compact support, 



w^(A) = a(ip <g> ip) = / d(j)dud(f)'du'ilj((f),u)a((f),u; (f)' ,u')ip((f)' ,u') . (25) 



Let $ be multiplication by <fi and U multiplication by u. The product of the 
corresponding spectral projections E$>{I)Eu{J) for finite intervals J, J of the 
real line are in the domain of w^. 

Also the projections E$(I) are in the domain. We may actually perform 
the limit / — > {0} and obtain 

lim^uv, (£$(/)) = J du\^(0,u)\ 2 
= (2tt)- 2 J dudujduj'dkdk'5 (u 2 - n 2 (k 2 + 5 (u' 2 - K 2 (k 12 + ^ 

x e-^ k - k >(p(u, k)ip(u', k!) 
= (27T)- 1 j dudu'dkS [u 2 - K 2 {k 2 + 5 {uj 12 - u 2 ) (p(u, k)ip(cu', k') 
= Y,J dk\ V± (k)\ 2 =: (<p,<p) 
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with 

<P±(k) = (2-)-^^ , u k = K <fi* + I . (26) 

This corresponds to the state "at time zero" (0 = 0) as in the quantum 
mechanical discussion in Section 2. 

We want to to check whether also E V {J) is in the domain of the weight. 
According to the interpretation given before, this would mean that the ex- 
pected time duration (measured by 0) for the scale parameter p = e u being 
in the interval e J is finite. 

We compute 

w^(Eu(J)) = I du I d(f)\il)((f),u)\ 2 
J j Jr 

= 2n J du j dudkdk'S^uj 2 - n 2 (k 2 + i.)^ 5(k 2 - k ,2 )e- t{k - k ' )u <p(u,k)<p(uj, k') 
= 2tt J du j dudk 5 (u 2 - K 2 (k 2 + Jj^(o;,fc) (^(w, fc) + e - 2iku <p(uj, -k)) 



= ^,j^(|J| + v^Fxj(2A;)n)^ 



I 



where xj is the characteristic function of the interval J and II is the parity 
operator 

Uip(cu, k) = <p(uj, —k) . 

We find that the expected time duration is finite if f vanishes at k — 0. 

Under this condition we can now define the probability distribution of 
instants of time at which the scale parameter p is inside the prescribed inter- 
val. The discussion is essentially the same as the discussion for the relativistic 
particle, the only difference being that we may decompose the solution ip in 
parts corresponding to expanding universes (^ > 0) and contracting uni- 
verses (- < 0) instead of a decomposition with respect to the sign of the 
frequency. For the time operator on the time zero states which characterizes 
the instant of time, when the parameter p = e u is equal to 1, we find 



2\k k 

Here (u(p)± = ±cu k Lp± and wp(u, k) = iJ^ip(uj, k). 
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The time operator for other values of p follows by covariance, we obtain 

T p = e iklnp Toe -ik\np = ^ + ^ _ ^g) 

K 

We conclude that expanding universes reach the big bang {p = 0) at (f) = — oo. 

6 Summary 

In the present paper we proposed an extended interpretation of quantum 
mechanics, based on the operator algebraic concept of weights and their 
interpretation in terms of conditional probabilities. In this formalism, the 
Schrodinger picture arises as an association of conditional probabilities where 
the condition is that the time variable assumes a given value. The formalism 
allows also other questions, in particular: What is the value of time when 
a given event happens? It is shown that this concept of an observable time 
reproduces the time variables proposed by two of us some time ago, and we 
illustrated the concept on the example of the Aharanov-Bohm time opera- 
tor, its relativistic generalization and a cosmological time observable in the 
Wheeler-De Witt model of a quantized Robertson- Walker spacetime. 

The general concepts of this paper might be used also for a new treatment 
of constraints, in particular in the case when the constraints have continuous 
spectrum. Our ideas are related to Rovelli's concept of partial observables 
and the Gambini-Pullin analysis of conditional probabilities in quantum me- 
chanics. 

Acknowledgements: R. B. and K. F. wants to thank Abhay Ashtekar, 
Jerzy Lewandowski and Carlo Rovelli for useful hints and interesting discus- 
sions. 
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